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Abstract. Let (M, g) be a Poincare-Einstein manifold with a smooth defining function. 
In this note, we prove that there are infinitely many asymptotically hyperbolic metrics 
with constant Q" curva t,ure i n the conformal class of an asymptotically hyperbolic metric 
close enough to g. These metrics are parametrized by the elements in the kernel of the 
linearized operator of the prescribed constant Q-curvature equation. A similar analysis 
is applied to a class of fourth order equations arising in spectral theory. 



1. Introduction 

In this note we will discuss the prescribed constant Q-curvature problem for asymptot- 
ically hyperbolic manifolds. We obtain the existence of a family of constant Q-curvature 
metrics in a small neighborhood of any Poincare-Einstein metric, parametrized by ele- 
ments in the null space of the linearized operator L in ( 11. 3ft . Much of the analysis follows 
from Mazzeo's microlocal analysis method for elliptic edge operators. Results in this 
setting have been proved for the scalar curvature equation, see pp. 

For n > 4, a natural conformal invariant and the corresponding conformal covariant 
operator are the Q-curvature and the fourth order Paneitz operator. Let Ric 9 and R 9 
be the Ricci curvature and the scalar curvature of (M, g). The Q — Curvature and the 
Paneitz operator are defined as follows, 



Q h 



U A 9 R 9 ~ R l + 3|Ric 9 | 2 ), n = 4, 

2 In: 12 , n 3 -4n 2 +16n-16 p2 1 A p „ > c 

' (n-2) 2 l^ 1 ^! 8(n-l) 2 (n-2) 2 1X1 9 2(n-l) ^S^S' " — J ' 

A 2 g (p - div(^R g g - 2Ric g )d(p, n = 4, 

A 2 Lp - div g (a n R g g - b n Ric g )V g ip + ^Q g ip, n > 5, 



where a n = 2 (n-i)(n-2) ; ^ n = n^2' div 9 X = VjX* for any smooth vector field X, and (p 
is any smooth function on M. 

Let g = pg, with p a positive function on M, so that 

e 2u , n = 4, 

4 

u n ~ 4 , n > 5. 
l 



The Q-curvature has the following transformation, 

P g u + 2Q g = 2Qge 4u , n = 4, 

TI - 4^ n+4 

P g u = Q g U"-*, n> 4. 

Note that Paneitz operator satisfies the following conformal covariance property for ip G 

C°°(M), 

P 5 ¥? = e" 4n P^, n = 4, 
Pg((p) = u ™- 4 Pg(u(p), n > 4. 

We want to find a function w so that the metric g satisfies Q g = f for a given function 
/. For the prescribed Q-curvature problem on closed manifold M of dimension four there 
are many results, see [3], [6], [10], [11]. In [21] a boundary value problem for this problem 
is solved. A flow approach is performed in [2J, see also [1]. For n > 5, see [5], [2D] and 

[21. 

There are some interesting results for complete non-compact manifolds. For Euclidean 
space M. n , n > 4, see [H] and [23]. In [9], using shooting method, the authors proved that 
there are infinitely many complete metrics with constant Q-curvature in the conformal 
class of the Poincare disk with dimension n > 5, which are radially symmetric ODE 
solutions to the initial value problem parametrized by distinct given initial data at the 
origin. It is not difficult to prove that similar results hold for n = 4. Mazzeo pointed 
out that there should be a more general result of this type. In this paper, we solve 
a perturbation problem in the setting of asymptotically hyperbolic metrics close to a 
Poincare-Einstein metric. To give a precise statement we first need some definitions. 

Definition 1.1. Let M be a smooth manifold of dimensional n, with smooth boundary 
dM of dimension n — 1. Let g be a complete metric on M = Int(M). We say that g is 
asymptotically hyperbolic if there exists a smooth function x on M , with the property that 
x > in M , and x = on dM, so that the metric h = x 2 g is well defined and smooth on 
M, and \dx\h \ dM = 1. Here x is called a defining function of g. Moreover, if h G C k,a , 
for some positive integer k, we say that g is asymptotically hyperbolic of order C h,a . If 
g is also Einstein, we call g a Poincare-Einstein metric, and (M, g) a Poincare-Einstein 
manifold. 

Let (M n , g) be an asymptotically hyperbolic manifold of dimension n, with x as its 
smooth defining function. Actually, we can choose x so that \dx\h = 1 in a neighborhood 
of dM, see [7], and here for simple notation we always choose a defining function in 
this sense except in Section 4. We will mainly focus on the asymptotic behavior of the 
metric near dM, which is a local discussion. Let y be local coordinates on dM. In 
a neighborhood of dM in M, we introduce the local coordinates in the following way: 
(x, y) G [0, e) x dM represent the point moving from the point on dM with local 
coordinate y, along the geodesic which is the integral curve of V^x for a length x in the 
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metric h. In local coordinates (x, y), 

n-l 

h = x 2 g = dx 2 + hijdy l dy^ . 

For convenience, let g = pg, with p a positive function on M, so that 

e 2u , n = 4, 

4 

( 1 + -u)™- 4 , n > 5. 



P = 

Let the operator 8 be defined by 
(1.1) S(u) = 



P g u + 2Q g - 2Q- g e 4u , for n = 4, 



P s (l + u) - 2 f 4 Q 5 (l + u)^, for n > 5. 
To solve the prescribed Q-curvature problem amounts to finding a solution to 
(1.2) £(u) = 0. 

We define the linear operator L = L g as follows, 

{P g u - 8Q g u, n = 4, 

P 9 m - ^Q 9 «, ra > 5. 

Let (x, y) be the local coordinates of M near the boundary defined as above. Let V e be 
the collection of the smooth vector fields on M, which restricted in the neighborhood of 
dM, are generated by {xd x , xd y i, ...,xd y n-i} with smooth coefficients on M. 

Next we introduce the weighted spaces that we will be using. First, the weighted 
Sobolev spaces, 

x s H™(M, fi5) = { u = x 5 v : Vi...VjV G L 2 (M, Qs), Vj < m, V t G V e }, 

where m G N, 5 G R, and & = ^Jdxdy is the half-density. We also introduce the 
weighted Holder space, 



x 5 A m ' a = x s A m ' a (M, Q-2) = { u = x 5 v^dxdy : V^.VjV G A°' a , Vj < m, ^ G V e }, 

with m G N, 5 G R, and < a < 1, where A 0,a (M) is the space of half-densities 
u = Vy/dx dy such that 

(x + £) a |u(a;,2/) - v(x,y)\ 

M a°^M = sup u + sup : — — < 00. 

\x — x\ a + \y — y\ 

We will use the norm 

k 

IMIx«A*.«(Af) = ^ ll^e^llo.Q, 
m=0 |7| =m 

with <9 e G V e and w = x 5 v. 

In this paper, we always assume n > 4 to be the dimension of M. With these definitions, 
we can now state our main result: 
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Theorem 1.2. Let (B™(0),g) be the Poincar'e disk, of dimension n > 4. Also, let x be 
a smooth defining function of g. Let L be the linear operator defined in ( II. 3p . Let v be a 
constant in the interval (0, — ^). Then, 

i) Kernel of L in the weighted space x u A A,a (M) forO < a < 1 is of infinite dimension. 
Also, L is surjective. For each element v in the kernel ker(L) with sufficiently 
small norm, and a given function Q g G A 0,a (M, \J dxdy) so that (Q g — Q g ) is in 
x u A 0,a (M, yjdxdy) with the norm \\Q g — Q g \\ x ^ho> a small enough, there exists a 
unique solution u G x u A 4,a (M) to the problem ( \1.2\i , so that the projection Pi ( 
see in Theorem \1.5\) of u onto ker(L) is given by v. 

ii) Moreover, if Q g = Q g , u has the expansion near the boundary 

(1.4) u(x, y) ~ (uw(y)x^ +ip + u 10 (y)x^ ~ ip ) + o{x^), 

with (3 = ^ n2 + 2n ~ 9 . and i = y/—l } where Uqo and Uio are generally distributions of 
negative order. Also, u will have the following expansion with smooth coefficients, 

+ oo 

(1.5) u(x, y) - J2^M x ^ +llS+3 + UiAv)^~^ +3 + u 2] (y)x n + i), 

j = 

in the sense that 

k 

u(x,y) - ^(w 0j (y)a^ +i/3 + j + ux^x^-^ + l) = o{x^ +k ), 

j=0 



with (3 = v / n 2 +2w 9 j Qr Qacfo > v = p lU foag an expansion of this form 
with smooth coefficients and 1 < v < . 

For kernel elements having an expansion with smooth coefficients, one can prescribe 
the leading terms for them, see Remark [ 



Remark 1.1. The ODE result in [9] only gives existence of radially symmetric constant 
Q-curvature metrics in the conformal class of the hyperbolic metric, but allows the metric 
to be far away from the hyperbolic metric. As a perturbation result, our theorem gives 
the existence of solutions in the conformal class of metrics in a small neighborhood of the 



hyperbolic metric, more precisely, see Theorem\4- 1 



Using boundary regularity results and the unique continuation property on the bound- 
ary, as a slight extension of the above theorem we have the following result. Note that 
both boundary regularity results and the unique continuation property approach need x 
and h = x 2 g to be smooth enough on M. 

Theorem 1.3. Let (M n ,g), n > A, be a Poincare-Einstein manifold with the defining 
function x and the metric h = x 2 g smooth up to the boundary. Suppose also that L : 
x u A 4 > a {M) -> x"A°' a (M), where < v < ^ and < a < I, is defined in ( fOj) . Then, 

i) Kernel of L in the weighted space x u A 4,a (M) is of infinite dimension. Also, L is 
surjective. For each element v in the kernel with its norm small enough, and a 
given function Q g G A°' a (M, y/ dxdy) so that (Q g — Q g ) is in x 1/ A 0,a (M, ^ dxdy) 
with the norm \Q g — Q g \\ x v A°> a small enough, there exists a unique solution u to 
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the problem (jl.2p . so that the projection P\( see in Theorem \1.5\) of u onto ker(L) 
is given by v. 

ii) Moreover, if Q g = Q g , then u has the expansion result as in Theorem MM 

Since this is a perturbation result, we first discuss the linear problem. Using Mazzeo's 
approach in [15J, we obtain the semi-Fredholm property for the linear operator (11.31) : 

Theorem 1.4. Let (M n ,g) be an asymptotically hyperbolic manifold with defining func- 
tion x and the metric h = x 2 g smooth up to the boundary, then the linear operator 
L : x 6 H 4 (M) — > x s L 2 (M, a/ dx dy) as in U.3\) , is essentially injective if 5 > ~ and 
5 7^ n + \, with infinite dimensional cokernel, and L is essentially surjective if 5 < | 
and 5 ^ —~, with infinite dimensional kernel. ( Here essentially injective means that the 
null space of L is at most finitely dimensional, and essentially surjective means that L has 
closed range and with at most finitely dimensional cokernel.) Moreover, in both cases, L 
has closed range, and admits a generalized inverse G and orthogonal projectors Pi onto the 
nullspace and P2 onto orthogonal complement of the range of L which are edge operators, 
such that, 

GL = I - P h 
LG = I - P 2 . 

The corresponding theorem for the weighted Holder space is as follows. 

Theorem 1.5. Let (M n ,g) be an asymptotically hyperbolic manifold with defining func- 
tion x and the metric h = x 2 g smooth up to the boundary. Let < a < 1 . The 
linear operator L : x u A 4,a (M) — > x' / A°' a (M) as in U.3\) . is essentially injective if 
v > and v 7^ n, with infinite dimensional cokernel; and L is essentially surjective 
if v < t± y- and v ^ — 1, with infinite dimensional kernel. Moreover, in both cases, L 
has closed range. Also, x u A 4,a (M) has the topological splitting of the following direct 
sum x u A 4 ' a (M) = P l (x u A i ' a (M)) © (I - Pi)(x iy A 4 ' a (M)) ; which are the projection to 
the null space of L and its topological complement for the second case. Similarly as the 
theorem with weighted Sobolev spaces, there is a corresponding splitting of x u A°' a (M) for 

V > 2=1. 

The paper is organized as follows. In Section 2, we study the linear elliptic edge operator 
L defined in (II. 3p . and obtain the semi-Fredholm property of the linear operator L. In 
Section 3, we obtain that if the linear operator L with respect to the initial asymptotically 
hyperbolic metric g is surjective in a suitable weighted Holder space, there are infinitely 
many solutions to the prescribed Q-curvature problem with Qg a small perturbation of 
Qg, and the solutions are parametrized by the elements in the kernel of L. Then we give 
the proof of Theorem 11.21 and Theorem 11.31 Using a special weighted Holder space, in 
Section 4, we prove a perturbation result for the prescribed constant Q-curvature problem 
for a Poincare-Einstein metric. In Section 5, we give a similar discussion to the prescribed 
^/-curvature equations. 
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2. Semi-Fredholm properties of the linearized operator 



In the following, we will discuss the local parametrix for L and the Fredholm property of 
L. A clear feature is that the elliptic operators L under consideration here are degenerate 
near infinity. Here we review some of the material developed by Mazzeo and others in the 
theory of elliptic edge operators. 

As in the introduction, let (M n , g) be an asymptotically hyperbolic manifold of dimen- 
sion n, with defining function x and the metric h = x 2 g smooth up to the boundary. Let 
(x, y) be the local coordinates of M near the boundary, and V e be defined in the introduc- 
tion. The one-forms dual to the vector fields which are elements in V e are smooth one forms 
in M, restricted on the neighborhood of dM generated linearly by { — , — , — — } 
with coefficients smooth up to dM. Generally, a left or right parametrix E of an elliptic 
operator L on M is a pseudo-differential operator with the property that 

EL = Id + R 1 , or LE = Id + R 2 , 

with R 1 , R 2 compact operators. 

The Schwartz kernel of an interior parametrix of the linear operator L is a distribution 
on M x M, and for "interior" we mean that the parametrix has singularity near the 
boundary which will be explained in the following. Let (x, y) and (x, y) be local coor- 
dinates on each copy of M near the boundary. We know that the parametrix is smooth, 
except for the singularity along the diagonal A = {x = x, y = y}, as in the case of 
compact manifolds. Moreover, here due to the degeneration of the edge operator L, as 
x, x — > 0, we also have the important additional singularity at the intersection of A and 
the corner, which is S* = {x = x = 0, y = y}. To deal with the boundary singularity, 
we introduce a new manifold Mq = M x M, by blowing-up M x M along S. Actually, 
if we use polar coordinates for M x M near the corner, 

r = (x 2 + \y - y\ 2 + x 2 ) 1/2 G M + , 

e = {x,y-y, x)/r e 5? + = {0 G S n , 9 , Q n > 0}, 

we know that the level set of r = R is a submanifold of dimensional 2n — 1 for R > 0, 
while S = { r = 0} is singular. More precisely, let Mq be the lift of M x M such that 
it is the same as M x M away from S, but near the corner, it is represented by the 
lift of the polar coordinates, smoothly. Hence, Sn = { r = 0} is a (2n — l)-dimensional 
submanifold of Mq. Let b be the natural projection map from Mq to M x M. For the 
convenience of calculation, as in [15], we introduce two systems of local coordinates on 
Mg, (s,v,x,y) and (x,y,t,w), where 

,~ y-y , ~, y-y 

s = x/x, v = — - — ; t = x/x, w = . 

x x 

Changing variables in these two coordinates, 

xd x = sd s = xd x — wd w — td t , and xd y = sd v = xd y — d w . 

In the following with out loss of generality we only need to consider (s,v,x,y). View- 
ing elements in V e as first order differential operators, we denote Diff*(M) the algebra 

6 



generated by V e with coefficients in the ring C°°(M), and with the product given by com- 
position of operators. Let Diff^(M) be the linear subspace of differential operators which 
are of m-th order. Then for L G Diff^(M), it has the form 

(2.1) L — ^ a j , a (x,y)(xd x y(xd y ) a J 

j+\ot\ < m 

with a^ a G C°°(M), in the coordinate chart (x,y). The symbol of L is 

a e (L)(x,y;£,r}) = ^ a jta (x,y)^r] a . 

j+\a\=m 

L is elliptic if a e (L)(x,y; £,77) 7^ 0, for (£, r/) 7^ 0. It is easy to check that A g and the 
linear operator L in ( II. 3p are elliptic. L in (12. ip can be considered as a lift to M| as 
follows, 

j'+|a|<m J '+ 1 ct I < m 

Let iV(L) be the normal operator of L, so that 

N(L) = H a (0,y)(sd s y(sd v ) a , 

j+\a\<m 

is the restriction to Su of the lift of L to Mf. The normal operator is an important 
approximation of L near the boundary. For the linear operator L in (12. ip . 

L0 = ^ a jjQ (0, y)(xd x ) j (xd y ) a 4> + E<j>, 

j+\a\<m 

any smooth function 0, with the error term 

E<p = x Y b j}a (x,y)(xd x y (xd y ) a (f), 

j+\a\<m 

for x > small, with the coefficients b^ a smooth up to the boundary. 

Definition 2.1. The indicial family Iq{L) of L G Diff^(M) is defined to be the family of 
operators 

L(x<(log(x)Yf(x,y)) = x^\og(x)yi ( (L)f(0,y) + O^logCx))*" 1 ), 

for f G C°°(M), C e C,p G N . 

There exists a unique dilation- invariant operator I(L), which is called the indicial op- 
erator, such that 

I(L)(y, sd s )s<f(y) = 8<I c {L)f(y). 

In local coordinates near the boundary, I(L) = J2j<k a j,o(^yy)( s 9 s y ■ 

Definition 2.2. If L G Diff e (M) is elliptic, we denote specb(L) as the boundary spectrum 
of L, which is the set of £ G C, for which I((L) = 0. 
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Let (M, g), x, and h be denned as above. Denote S x as the level set of x ( also denoted 
as Xq for convenience), and the coordinates (yi, ...,y n _i) = y. We now use this point of 
view to deal with our linearized operator (11.31) . 

In a neighborhood of dM, we have the following, 

(2.2) Ric 9 = Ric h + x' l [{n - 2)Hess /l a; + A h x h] - (n - l)x~ 2 \dx\ 2 h h, 
and 

(2.3) R g = -n{n - l)\dx\\ + {2n - 2)x(A h x) + x 2 R h , 
where \dx\h = 1, and 



with Bij the second fundamental form of S x , for i, j > 0; and (HesSh)ij(x) = otherwise. 
Also AhX = tr/ l (Hess/ l ) = H(h), with H(h) the mean curvature of the level set of x in 
the metric h. Here r&- is the Christoffel symbol with respect to h. Note that A g in our 
paper is the trace of Hess g , with negative eigenvalues: 

(2.4) A g u = gVididj - T^d k )u 

(2.5) = x 2 A h u + (2-n)x(V h x, du) 

(2.6) = (2-n)xd x u + x 2 [d 2 x u + A y u + H(h)d x u), 

where A y is the Laplacian on the level set S x of x, in the induced metric h\„ . 
Near the boundary, the Q— curvature is 

^ 2 / ,n2 n 3 - 4n 2 + 16n - 16 2 . „. 2 . 

(n — 2)^ S(n — lj z (n — 2)^ 

n(n 2 — 4) 
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+ O(x) 



for n > 5, and Q g = 3 + O(x), for n = 4. 

In the following of this section we will discuss about the linear operator L in (11.31) . 
Note that 



A 2 g (j) - diVg(a n R g g - b n Ric g )V g (f) -4/0 

A 2 g <p - a n R g A g <f> + ^RicJ-VjV^ -a n (V g R g , V » + 6 n V*Ri Cij V J 9 - 4 / , 

2 

6 — Ti 

A 2 - a n RgA g( t> + &„Ri4V;V^ + — — -(VgRg, V 9 0) - 4/, 



A 2 ^ - a nJ R,A 9 + b„ Ric^V'V^ + (-a n + g R g , V,0) - Af, 



with / = Q g for n > 5, and / = 2Q g for n = 4. For the third equality, we use the 
second Bianchi identity. Also, 

A g (f) = x 2 A h (j) - (n-2)x (V h x, d<j)) h = x 2 A h 4> - (n - 2)xd x <fi, 



and 

= -(n - l)(A g + 0(V)p(x, y, x9 x , 2^)0), 
for some smooth function p(-). As a consequence, 

6 — Th 

L0 = A 2 - a n R g A g <p + 6 n mcJ.V*V^ + _ (V g R g , V 9 0) - 4/0 
= A 2 g <f) - a n (-n(n - 1) + O(rr)) A 9 + 6„ (-(n - 1) A fl 

+ 0(x)j)(i, y, 2^)0) + 2(n _ 1} (~(2n - 2)x 2 H(h\ Sx )d x <P 

+ O(x 3 )|V s/ 0|)-(in(n 2 -4) + O( a ;))0, 
and then, by definition, 

7V(L) = [(s«9 s ) 2 - (n-l)s9 s + s 2 A v - n][(sd s ) 2 - (n - l)sd 8 + s 2 A v + — ^— ]. 
In addition, 

„2 _ 4 

J(L) = ((s<9 s ) 2 - (n-l)sd s - n)((sd s ) 2 - (n-l)sd s + — ^— ). 

Let = s^, and I(L)<f> = 0. Solving the equation, we get the indicial roots £, given by 

n-1 \/n 2 + 2n - 9 n-1 Vn 2 + 2n - 9, 
spec 6 (L) = {n, -1, — % , — ^— + i }. 

Let A be the indices set 

(2.7) A = {i + Re(<f); 5 G spec 6 (L)}. 

The operator iV(L) acts on functions defined on R+ x K™" 1 for each fixed y, with coor- 
dinates (s, v). For our linear operator L, N(L) does not depend on y. We now take the 
Fourier transformation of N(L) in v direction, 

j + \a\ < m 

We have the symmetry of dilation: 

a ja (sd s y (sd y ) a = a ja (ksd ks y (ksd ky ) a , 
for any k G K — {0}. Let t = s \rj\, then 

iv(L)(s,77)= E fli,a(0,s/)W(i*?7) Q , 

i + |a| < m 

which is denoted as L (t, rj), where f) — A. This is a family of totally characteristic 
operators on R" and generally its coefficients depend on y. Now we have fixed rj in the 
formula, and it has no scaling freedom in this direction. 



Let U mM be the weighted Sobolev space 

n m,6,l = ^ f e t S H m( R +^ ( X _ ^tyf e r l H m (R+)}, 

with e C^°(M + ), and (f>(t) = 1 in a neighborhood of t = 0. Note that 

is bounded. 

For our linear operator L, 

^2 4 

A(L) = {(sd s ) 2 - (n - + s 2 (-M 2 ) - n][( S ^) 2 - (n - + s 2 (-M 2 ) + ], 
and then 

■r> 2 4 

L Q (t, 77) = [(td t ) 2 - (n - - t 2 - n][(^) 2 - (n - l)t$ - * 2 + —3— 1 
= Li o L 2 , 

with sd s = s\rj\ d s \rj\ = td t , and L here does not depend on y. Now we have used the 
full symmetry of the operator, and made it into the simplest form. 

Let us consider the relationship of Fredholm property among N(L), N(L) and Lq, in 
t s L 2 , for S > 77. We know that the first two operators have the same properties of 
injectivity and surjectivity. Let 

Lo<p(t) = 0, 

by definition, it holds if and only if 

N{LMs\rj\) = 0. 

But then 

NiL)(a( V Ms\rj\)) = a(rj) N(L)y{s \ V \) = 0, 

for all a{rj) smooth, since the derivative is only in s direction, with fixed rj. Then, using 
the inverse Fourier transformation, 

N(L) [ e 27Ti{y '^ a(ri)(p(s\ri\)dri = 0. 

This means kernel of one dimensional Lq corresponds to the infinite dimensional kernel 
of N(L), and this construction also gives the fact that the kernel of N(L) is either trivial 

or of infinite dimension. But if N(L) is injective, then L is injective. Conversely, if 

L is injective, then N(L) is injective, and so is N(L). We have a dual argument of 
the surjectivity for 5 < |. As in [15], Lq is Fredholm when 5 £ A, with the set A 
in ( 12 .7p . and N(L) is semi- Fredholm with either infinite dimensional kernel or cokernel. 
Roughly speaking, L is a small perturbation of N(L) near dM. When N(L) is injective 
or surjective, L is essentially injective or essentially surjective, which will be Theorem 11.41 
and Theorem 11.51 

To see the semi-Fredholm property of L, the strategy is to first study the Fredholm 
property of Lq and N(L), and finally obtain the semi-Fredholm property of L using 
Mazzeo's theorems which we list here as Theorem 12.41 and Corollary 12.51 
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Now we discuss on the Fredholm property of L , L x and L 2 on the weighted spaces. 
To this end, we introduce Bessel functions as solutions to the Bessel equation as follows, 
which is well studied, 

2 d 2 y dy 2 . 2\ n 

x + x- (x + a )y — 0, 

ax z ax 

where a is a complex number. 

The Bessel functions I a and I_ a form a basis of linear space of solutions to the Bessel 

function above, while {I a , K a } is another basis. For Re(a) > — |, and — | < arg(x) < 

|, the integral representations of these solutions are as follows, 

Ux) = ^] a _.,. r e~ xt (l - t 2 ) a ~Ut, 

oo 



" I in 4)1^)-/ , 



1 ; 2 sin(aTr) r(a + |) A 

with x a complex number. See Page 172 and 77 in [22]. Note that I a is bounded near 
x = 0, and it increases exponentially near +oo, and 

K a {x) ~ C(£)^ (a ) e - x+£ , 

for any e > 0, as x — > + oo. Also K a (x) is bounded for Re(a) > 0, near x — 0. The 
form -Kq,(:e) is more useful near x = oo, since it decays exponentially. 

We want to solve the following ODE, by transferring it into the Bessel type equations 
as above. 

L\u = {(td t f - {n-l)td t - t 2 - n)u = 0. 
Let u — W u, then we obtain that 

(2.8) t p {{td t fu + (2/3 + 1 - n)td t u + (-n - t 2 + (3 2 - f3(n - l))u) = 0. 

Then, letting 2/3 + 1 — n = 0, the equation (12.81) is just the form of the Bessel function 

defined as above. In this case, /3 = 2=-, and then the index a = 

Therefore, 

n — 1 

U {t) = t—idln+lit) + C 2 Kn+l(t)). 

In fact, 



n—l . , , * „ , , ti+1 n — 1 , , , . i , , n+1 

t~3"/n±i(t|7/|) ~ t n \r}\ — , t~Ku^{t\r\\) ~ r 1 ^!"— . 
near t = 0. Moreover, 

t^/n±i(t|r/|) ~ tt-ie^l/v/^H, ^Kn±i(t|?7|) ~ tt-ie-tW 



2 2 



2|r/| 



as £ — > oo. 
Similarly, 



M 2 A 

L 2 u = {{td t f - (n-l)td t -t 2 + -)u = 0. 



n 



Let u(t) = t p u(t), then 

t^{td t ) 2 u + (2/3 + 1 - n)td t u + (— t 2 + (3 2 - 0(n-l))u) = 0. 

Set 2/3 + 1 — n = 0, so that /3 = 2=^, and then w is a solution to the Bessel equation 
with a = i ^+ 2n ' 9 . 

n — 1 

«(t) = t— (Ci/ IvTO zj (t) + ^^^(i)). 

2 2 

By the expansion of the series form of the Bessel functions, as in [p3], P. 108], we have 

t^I a (t\ v \) ~ ^+>r/(2<T(l + a)), 

and 

with a = ^" 2 + 2ra - 9 ; near t = 0. Now it is easy to see that the linear combination 



n-l , „ ,■ Vn2 +2n-9 _ ■ V^2 + 2n - 9 

x 2 (C7ix 2 + (7 2 x 2 ) 

can never vanish to infinite order at t — if either C\ ^ or C2 7^ 0. Also, 

L n^i irl a (t\rj\) - I- a (t\rj\) 



t—K a (t\ v \) ~ r 



sm a7r 



with a = iV " 2 + 2n ~ 9 , and [^7 ] ^ 0, near t = 0. 

Using the integral form as above, we have that I a (t) grows exponentially, while K a 
decays exponentially as t — > + 00, for a = l ^ nI + 2n -1 _ 

Denote L\ to be the L 2 adjoint of L in the measure dt, and 

L* ±2S j i—28 
— 1 j 

to be the adjoint of Lq in t s L 2 in the measure t~ 25 dt. These are all elliptic operators, 
with boundary spectra: 

spec 6 (Lg) = {-( - 1 : ( G spec b (L )}, 
spec b (L* ) = {-( + 25 - 1 : ( e spec b (L )}. 

For example, for L x = (td t ) 2 — (n — l)(td t ) — t 2 — n, 



J Liuvdt = J uL\vdt. 



Then 

L\ = {-d t {t-)f + (n-l)(d t (t-)) -t 2 -n, 

with 

d t (t-) = td t + 1, 
12 



and = p(—(£ + 1)), for the quadratic polynomial p. Also, for L*, using the fact 

that 

-d t (tr 25 -) = -r 2S (-2S + i + td t ) = r 25 (2S - 1 - td t ), 

and 

J L lU vt 2S dt = - J ur 25 L\{t 25 v)t 25 dt, 

we obtain the boundary spectra as listed above. For the fourth order differential equation, 
we have obtained four linearly independent solutions, and they generalize the solution 
space. 

Let 5 = ^ + \ — f ' we nave L* = ^1, and L\ = L 2 . 
Definition 2.3. We say that an operator L has the unique continuation property on a 
boundary B if any solution of Lu = vanishing to infinite order at B vanishes identically. 

Hypothesis 1. For each y and fj, both Lq and its adjoint Lq (The dual of Lq with respect 
to the space t ReS L 2 for any 5 we need) have the unique continuation property at {t = 0}. 

We know from the discussion above that Lq satisfies the unique continuation property. 
Under the continuation hypothesis, we have that for each element (y, fj) G Nq, Lq is 
surjective on x s L 2 or injective on x s L 2 when 5 is sufficiently negative or sufficiently large. 
For our case, we use 8 — ~ in Hypothesis [U Now let us define 8 to be the minimal value 
of 5 so that Lq is injective, and meanwhile 5 the maximal value so that Lq is surjective 
dually. These values must lie in A. The following theorem and corollary tell us the 
relationship between semi-Fredholm properties of L and the Fredholm properties of L , 
for certain cases we need. 

Theorem 2.4. [Theorem 6.1. in [15]) Suppose L G Diff^(M) is elliptic and satisfies the 
unique continuation hypothesis, and that speCb(L) is discrete. Suppose also that S ^ A is 
chosen so that either 5 > 5 or 5 < 8. Then L : x 5 H r e +m (M) x s H r e (M) has closed 
range, and it is either essentially surjective, or essentially injective, which means respec- 
tively that L has either an at most finite dimensional nullspace, or a finite dimensional 
cokernel. Therefore, it admits a generalized inverse G and orthogonal projectors Pi onto 
the nullspace and orthogonal complement of the range of L which are edge operators, such 
that, 

GL = I - P h 
LG = I - P 2 . 

Since the edge operators used in the proof of the weighted Sobolev spaces are bounded 
in the appropriate Holder spaces, the corresponding result for Holder spaces follows. 

Corollary 2.5. (Corollary 6.4. in [15]) For L as in Theorem \2A\ k > m a positive 
integer and < a < 1 the mapping L : x u A k,a — > x u \ k - m , a i s semi-Fredholm provided 
v = 5 — \ and 5 ^ A is as in the previous theorem. If 5 < 5 or 5 > 5 so that L is 
essentially surjective or essentially injective, then topologically, we have the splitting, 

x v A k,a = Pl ( x » A k,a^ (J _ P 1 )( X V A k ' a ), 
x v A k-m,a = p 2 ( x » A k-m,aj (J _ - m, a) _ 
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— n — 1 

Let us compute 5 and 5 for L Q . First, for Lj, since t~2~i" n +i (t\r)\) increases exponentially 
as t goes to oo (here |t/| 7^ 0), it does not lie in t s L 2 for any 5 > 0; furthermore, 

^^(tlfjl) G t 5 L 2 (K+), 

for <5 < — |. Similarly, for L 2 , t~s~I i v / n 2 +2n _ 9 (^M) grows exponentially when t goes to 00 

2 

( with \r]\ 7^ 0), and 

2 

for 5 < + | = |. Therefore, L x and L 2 both have trivial kernel in the space 
x 5 L 2 (M, \Jdxdy) for 5 > |. But Ker(L 2 ) is nontrivial for 8 < Also the composition 
of two injective map is still injective. Therefore, 5 — S for L$ = L\ o L 2 - Since Lo is 
self-adjoint in t?L 2 (M + ), we have that <5 = |. Since it satisfies the conditions of Theorem 
12.41 and Corollary 12. 5[ therefore Theorems 11.41 and 11.51 are proved. □ 
To conclude this section, we want to see when L is injective or surjective in the special 
case of Poincare-Einstein manifolds. For a Poincare-Einstein manifold (M, g) with g = 
x~ 2 h, without loss of generality we assume R g = —n(n — 1). Let us first consider it in 
the weighted Sobolev spaces. We have 

(n + 2)(n-2) N _ _ 
L = (A g — n)(A g + ± } j '-) = Ti o T 2 . 

We know that L is self-adjoint with respect to x%L 2 (M, \J dx dy) . Then to show that 
L : x s Hf(M) — > x s L 2 (M) is surjective for < 8 < ~, we only need to show that L is 
injective when 5 > |. For that, we only need to show that 71 and T2 are injective for 
5 > - 

u ^ 2 

As a special case, if 71 and 72 are injective in L 2 (M, g), which is x%L 2 (M, ^dxdy) , 

then we are done. For the Poincare ball (B, g~i), we know that the Laplacian — A g has 

pure continuous spectrum, consisting of { ^ n ~}' , 00), with A = }' ■ So T\ is injective 
when 5 > ~ in this special case. 

As mentioned in the introduction, the way we prove the surjectivity of 72 in the following 
involves unique continuation property and boundary smoothness argument, which need 
x and h to be smooth enough. So we assume the defining function x and the metric h to 
be smooth up to the boundary. 

Lemma 2.6. 71, 72 : x 5 H 2+m (M, yjdxdy) -> x 5 H™(M, ^dxdy), are both injective for 
S > |, and all m > 0. 

Proof of Lemma 12.61 By the regularity argument, we only need to discuss on the case 
m = 0. The proof is as follows. 

If u e x 5 L 2 (M, yjdxdy), for S > §, then u G L 2 (M, g). Moreover, if also 



7l u = (A g — n) u = 0, 
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by Weyl's lemma, u G H 1 (M, g). Now we multiply u on both sides of the equation, and 
integrate by parts, and then we have 

- / (iv«i; + u 2 )dv g = o. 

J M 

Therefore, u = 0. Then we have that 71 is injective. 
Let us consider the equation 

n 2 — 4 

(2.9) T 2 u = (A g + — ^— )u = 0. 

First, we know from [18] that (— A g — A) satisfies the unique continuation property, for 
any constant real number A(See Corollary 11 in [18J), namely, if u G C°°(M) satisfies 
(— A g — A) u = 0, and u vanishes to infinite order along an open set of DM, then u — 0. 
Moreover, in [IB], combining the boundary regularity result and the unique continuation 
result for (— A g — A), it was proved in [TS] that if A > u G L 2 (M, g) and 

(—A g — A) u = then u = 0. It is easy to check that when n > 5, " 2 ~ 4 > ^p-. 
Therefore, for n > 5, J~2 is injective in L 2 (M, g) = x^L 2 (M, ^dxdy). 

When n = 4, since n2 ~ 4 < ( - n "^ 1 ^ , we can not use his result directly. But since we 
still have the unique continuation property for 1~2, we only need to prove the boundary 
regularity of u. Actually, for our case we do not require u G L 2 (M, g) but allow u G 
x s L 2 (M, for 5 > |, and the method of proving the boundary regularity still 

works here. For completeness, we give the details here. Assume u G x 5 L 2 (M, y/dlcdy) 
for 5 > | satisfies equation (12. 9p . Let us denote the indicial roots of % as s\, $2- Using 
the boundary expansion from Section 7 in |15j . we have that 

oo Ni N 2 

(2.10) u ~ ^(^^^(log(x))^ 1JiP (y) + X;x s ^(log(^))^ 2J , p (y)). 

j=0 p = p = 

Since the real parts of the indicial roots s\, S2 are both which is less than 5 — |, then 
by Theorem (7.17) in [15], we have that Mi,o,p and ^2,o,p vanish for all p, and that the 
coefficients Uij tP (y) are all smooth, and by Theorem (7.3) in [15], using the substitution 
of the expansion into the equation, we have that the coefficients all vanish by induction. 
Then, by the unique continuation property, we have that u = 0. 

It follows that T\ and T2 are both injective when 6 > |. This proves the lemma. □ 
The lemma implies that L is injective for 5 > | on the Poincare-Einstein manifolds. 
Since L is self-adjoint in x?L 2 (M, a/ dx dy) , then L is surjective when < 5 < |. 

The linear edge operators used above are all bounded linear operators in the weighted 
Holder spaces, and can be used correspondingly in the weighted Holder spaces. Then the 
corresponding statement for the weighted Holder spaces is as follows. Let 

L : x u k^ a (M) ->■ x u A°' a (M). 

Here < a < 1. Then L is injective when v = 5 — ~ > while L is surjective when 
< v = 5 — \ < ^Tp^ on the Poincare-Einstein manifolds M. 

Remark 2.1. Generally, on an asymptotically hyperbolic manifold (M, g) with a smooth 
defining function x and h = x 2 g smooth, let u G KeriV) for L defined in ^1.3\) in the 
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weighted Holder spaces x u A 4 ' a (M, yfdx dy), for < v < and < a < 1. Then, 
u G x u K m ' a for all m G N, and u has the following weak expansion with coefficients 
which are generally distributions, 

(2.11) 

+ oo 

/ \ V^V / \ I ■• Vn 3 +2n-9 , ■ n-1 _ ■ _vA£+2n-9 . . 

2/) ~ 2^( u oj(2/)a; 2 2 +J + wij(l/)a; 2 2 J + x + J w 2 j(2/)), 

3 = 

in the sense that 

k 

/ \ V^/ / \ "- 1 I Vn 2 +2ra-9 . . n-1 ■ Vn 2 +2ra-9 , ■ n-1 , , 

u(x,y) — y(u j(y)x 2 + 2 +J + uij(y)x 2 2 +Jj = (a; 2 ^ ), 

3=0 

fork > 0. If either uqo or uqi is smooth, then all the coefficients are smooth. The more 
precise regularity of the coefficients in a weighted Sobolev space setting can be found in 
Chapter 7 in [15] . 

Remark 2.2. On a Poincare-Einstein manifold (M, g) with a smooth defining function 
x and h = x 2 g smooth, for < v < and < a < 1, since T\ is injective, an element 
u in the kernel of L is exactly an element in the kernel ofT^- By Proposition 3.4. in [8], 
for any chosen Moo £ C°° or u±o G C°° , there exists a unique u G x u A ,a (M, yfdx dy), 
for < v < x± y- , in the kernel of L, so that u has the expansion (12.111) with smooth 
coefficients. 



3. The nonlinear problem 



Now let us return to the perturbation problem. It is more convenient to work in 
weighted Holder spaces. Let (M, g) be an asymptotically hyperbolic manifold defined as 
in the introduction. Let g, u also be defined as in the introduction, and let the prescribed 
curvature Q g = f. Define the operator T : x u A 4,a (M) — > x u A 0,a (M) as follows, 



T(u) 



2fe iu - 2Q g - 8Q g u, n = 4, 



+ u)^f -^Q g - ^Q 9 u, n>5. 



We rewrite it in the form 

2(e 4 " - 1 - Au)f + 2(/ - Q g ) - 8(Q g - f)u, n = 4, 

7» 



n=4((l + u) — _ 1 _ n±A u)f + «=4 (/ _ Q g ) + B±±(J _ Q g)llj n > 5. 



Let L be as in (jl.3p . then the prescribed Q-Curvature equation is 
(3.1) Lm = T(u). 

Let < v < u_ = and < a < 1, so that L is essentially surjective. Moreover, in 
the following we assume that L is surjective. Then 

L: Vx = (I - P 1 )(x l/ A i > a (M)) x v A°' a (M) 
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is an isomorphism, using topological splitting of x u A 4 ' a (M) in Theorem 11.51 and the open 
mapping theorem. That is, 

(3.2) C\ ||M||x"A 4 . Q (Af) < \\Lu\\ xVA o :a ^ < C2\\u\\ x vA 4 -°>(M), 

for some constant C 2 > C\ > 0, for all u G V\. We denote the inverse of L as 

L -i . ^A°' a (M) Vt. 

Let / G C a (M) } and 

(Q g - f) e x»A°> a , 

with its small norm to be determined later. We want to use elements in kernel of L to 
parametrize the perturbation solutions to the nonlinear problem at 0. We will define a 
new map for each element in the kernel of L, and use it to construct a contraction map. 
For any fixed U\ G Ker(L), for any u 2 G Vi, let u = Ui + u 2 , and 

T ui {u 2 ) = T(ui + u 2 ). 

Now L- 1 o T U1 : V l V x . 

From now on, let U\ be any fixed element in B t (0) f] Ker(L), and u 2 G B e (0) f] V±, 
with small e G (0, 1) to be determined. Note that 



f 2||(e 4 « - 1 - Au)f\\ x , A o, a{M) + 2||(/ - Q g )\\ x »A°.<*M 

_ Qg) u \\x u A '<*(M), 



n = 4, 



ll^ (112)11x^0.° < < 



n+4 



^||((l + «)^-l-^)/|U, A c,« (M) 



k +VIK/ - Qff)llx»A°.«(M) + ^\\(f- Qg)v>\\x»A°."(M), U>h. 

Then we have 

||7^ 1 (W2)|U"A .° <C{n)(\\f\\ L ^\\{ui + U 2 ) 2 |U-A0,« + (1 + Hit! + U 2 ||l°°)||/ - Qg\\x"AV-* 

+ \\x~ v {u x + w 2 )IU°°||(«i + U2)IU<»(||/||a°.<» + ||<5 s ||a°.«) 

+ 11/ ~~ Qg||i°°||«l + W2|U"A0.o)- 

where C > is a constant depending only on n, the diameter of M and v. By the 
definition of the weighted norm, 



(3.3) 



< 



A° 



a, and 



< Co 



c"A°> Q j 



for a constant Co > depending on the defining function and v, for any G x v 
Therefore, 

||7^ 1 (u2)|U"A°.« < Ci ((e(||/|| A o,a + ||Q 9 || A o.«) + ||/ - Q 9 \\l°°)\\ui + u 2 \\ x v A °><* 
+ (1 + e) ||/ - Qj^ A o,«), 
where C\ depends on n, the defining function, the diameter of M and v, so that 

T Ul {u 2 )\\ x v^°> < C ((e(||/|| A o.« + ||QJa°.«) + 11/ - <3fl|U">)|K + U 2 \\ x vA0,* 
+ (1 + e) ||/ - QJ^ A °,«), 
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where C = Ci\\L 1 || depends on the defining function, the diameter of M, u, n and 
We choose e G (0, 1) small so that 

(3.4) 16Ce||Qj A o,«, < 1, 

and let / satisfy that 

(3-5) ||/||ao.«« < 2 ||Qp||ao.«, and ||/ - Q g \\ x v A o,« < mm{ ^ e, 6 Q^°< a y 
Combining ( 13.31) . we have 

3 

o T Ui {u 2 )\\ x v K a,<* < -e. 

Therefore, L~ x o T Ul maps B e (0) f]Vi into B e (0) fl^i- 
For us, U4 G Vi D S e (0), 

ll^i( M 3) - ^i( M 4)|U-A0>« 

\\2f(e^(e^ - e 4 ^) - 4(u 3 - u 4 )) - 8(Q 9 - /)(u 3 - u 4 )|U*a°.«, n = 4, 

HL- 1 !! ||s^((l + Ul + u 3 )^ - (1 + Ul + u,)^ - ±&(u 3 - u 4 ))/ 
+ It ^{f ~ Qg){u3-Ui)\\ x u A o, a , n > 5. 



But 

e 4( ul + U3 ) _ e 4( ul +« 4 ) _ 4 ( M3 _ U4 ) = 4( M3 _ U4 ) Wj 

with 

g4(?il+M3) _ g4(Ml+M4) ^1 



ID 



4(m 3 - M 4 ) 



1) = ( / e 4(« 1+ «4+t(n 3 -«4)) rft — 1) £ ^A°' a r|S Ce (0), 



with C which does not depend on w 3 , it 4 , or e G (0, 1). We have similar results for n > 5. 
By the discussion above, 

Wl- 1 o r u > 3 ) - l- 1 o r u > 4 )|| 

< \\L^\\ C (e ||/|| A o.a ||« 3 - W4|U"A0.«« + WQg - /|U"A°.<» ll M 3 ~ U 4 \\ x , A o, a ) 
= C (e 11/11 A"." + \\Qg - /|U"A0.«) ||«3 - W4|U"A0.«, ™ > 4 , 

where Co depends only on the defining function, the diameter of M, v and n. Let e be 
small so that 

(3.6) SCbUL^IKl + ||Q a ||Ao.-)e < 1, 

and let 



(3.7) \\Q g - /U^ACa < 

8Go||-L I 
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then we have 

3 

\L~~ l o T Ul (uz) - LT X o 7^ 1 (M 4 )||^ A 4, a < -||m 3 - u4\x v a°^ 

o 

3 

o 

Note that depends on the projection map P\ that we construct in Theorem 11.51 

Therefore, if L is surjective for v < and also e and / satisfy the above conditions, 
then for each u\ G B e (0) f] Ker(L), 

L- 1 o T U1 : V 1 p| B c (0) Vx f| B e (0) 

is a contraction map. This implies that there exists a unique u 2 € -B e (0) |~| Vi, solving 
the equation 

L(ui + u 2 ) = T Ul {u 2 ). 

Note that the proof above holds for h = x 2 g G C 4,a (M). Now we have proved the 
following theorem, 

Theorem 3.1. Let (M, g) be an asymptotically hyperbolic manifold of dimensional n > A, 
with x the smooth defining function, and the metric h = x 2 g G C 4,a (M). For < v < 
2=i and < a < I, let 

L : x"A 4 ' a (M) x"A ' a 

6e t/ie linear operator defined in (11.31) . which by Theorem li.,51 zs essentially surjective. 
Assume that L is surjective. Then there exists a small constant eo > ; depending on the 
diameter of M with respect to h, v, n and also P\ and L, so that the following holds: 
Let e be any small real number satisfying < e < eo, and let f G A 0,a (M) satisfy 

WQg - /IU"A°. a < Ce, 

for some positive constant C depending on the diameter of M with respect to h, v, n, also 
Pi and L. 

Then for each u\ G B e (0) f] KeriV), there exists a unique u G -B 2e (0) C x u A 4 ' a (M), 

4 

so that Qg = f, where g — (1 + u)'^ l g for n > 5, and g = e 2u g for n = 4, with 

P\U = U\. 

By the discussion at the end of Section [21 for the cases in Theorem 11.21 and Theorem 
11.31 L is surjective for x u A 4 ' a (M), < v < This completes the proof of pj] of 

Theorem 11.21 and 11.31 

Since surjectivity is an open property, L is surjective for x u A 4,a (M), < v < IL ^-, 
for smooth g that is close enough to these metrics. Theorem 13.11 holds for metrics in a 
small neighborhood of these metrics. 

In the following, we will discuss about the boundary regularity of the solutions. For 
convenience, we assume that the defining function x and the metric h = x 2 g are smooth 
up to the boundary. The discussion we use here is standard, see [I?] . We will sketch the 
discussion. Composing the inverse G operator of L on both sides of (13. ip . 

(3.8) u - P x u = GLu = GT(u) } 
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with U\ = P\ u the projection of u to the null space of L. 

For the regularity of u with respect to the derivative d y , which is the derivative in some 
y direction, we introduce the following weighted space with k < m: 

x u A m, a ,k = | nG x »A m ' a (M, y/dxdy), so that {xd x ) j {xd y f d^u G x u A°> a , 

for j + + |7| < m, j > 0, and (7! < k. }. 

An easy observation is that for u G x u A m ' a and m > 1, d y u = xdyi^x^u), so that 

(3.9) d y u G a^A™- 1 -" 

Also for u G x u A m ' a ' k and 1 < k < m, d y u G x u A m ~ 1 ' a ' k ~ 1 . In Proposition 2.9 in 
|17j . it is proved that the inverse operator G : x u A m,a ' k — > x y A m+4,a ' fc is bounded for 
m > and < k < m; also, P 1 : x u A m + A > a > k x "A m + ^ a ' k is bounded for m > 
and < k < m. 

Lemma 3.2. Let u G x u A 4 ' a be a solution to ( 13.11) with 1 < v < and < a < 1. 
Assume that (f - Q g ) G x"A m > a > k , and u x = P x u G x u A m + 4 > a > k , for < k < m. 
Then we have that u G x ^A m+4 - Q ' fc . 

Proof of Lemma 13.21 By assumption, x and the metric h are smooth up to the boundary, 
so that Q g G C°°(M) C A m ' a > k for any m > k, and then we have / G A m > a < fe . For 
m = the claim holds automatically. Now assume m > 1. Using ( 13. 8 p and boundedness 
of G for k = we obtain that u G a^A 1+4 ' a . Then we can substitute the regularity of u 
into the right hand side of (13. 8p . to gain more regularity. Using this induction argument, 
we obtain u G x^A m + 4,Q = x u A m + 4:,a ' . This proves the lemma for k = 0. 
Define the function F on M as follows, 

{e 4u - 1 - 4m, n = 4, 

+4 
(1 + u)£* - 1 - g|u, n > 5. 

Noticing that for u G x I/ A m ' a ' fc ' with k' < fc, using (I3.9p and the fact v > 1, we have 
that 

u 2 f = xu{x- 1 u)f G a^A m ' a ' fc ' +1 , 

raising the third index by 1. This holds for the term F(u)f, since F is smooth on K and 
vanishes quadratically at 0. Similarly, 

<f - Qg) = xu(x-\f - Q g )) = xix-'u)^ - Qg) G x -A m ^ k ' +l . 

By this fact, combining with the equation (13. 8p . and also with boundedness of G, an 
induction argument as the case k = proves the Lemma. □ 
Now we assume that / = Q g . Generally, u\ = Pi u G x^A 4 ' a does not have better 
regularity. In (13.81) . the terms on the right hand side behave better than P±u, and u 
behaves like P\u near the boundary, and u only has the expansion (II. 4p with the coeffi- 
cients which are distributions of negative order, as discussed in Proposition 3.16 in [IT]. If 
1 < v < anc [ Ul = p lU ^ x u A m > a ' k for all m > k > 0, which as discussed in [J5] is 
equivalent to say u\ has a smooth expansion (12. lip , then by Lemma I3.2[ u has a smooth 
expansion as in ( II. 5p . Also, for u\ small enough, we already obtain the existence of u 
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in Poincare Einstein manifolds. This completes the proof of Theorem 11.21 and Theorem 

o □ 

Here we observe that the expansion of u gives us information on the asymptotic behavior 
of the curvature. For n = 4, assume that g and g are asymptotically hyperbolic metrics on 
M, with the transformation g = e 2u g, such that u has the expansion u ~ uoo{y) + 

x§ _ - t ^¥ L ui (y) + o(xi). Let (1 + v) 2 = e 2u . Denote u = ^ + and v\ = % Then, 

R- g =(l + v)- 3 (-6A g + R g )(l + v) = e- 3u (-6A g + R g )e u 

= - 6e~ u [-3xd x u + [xd x fu] + R g - 2R g u + R g (e' 2u - 1 + 2u) 

+ 6x 2 e~ 3u (A y e u + - ^ h ij d x e u ). 

Therefore, 

R s -Rg = - 6e~ 2u [-3xd x u + {xd x fu} - 2R g u + R g (e~ 2u - 1 + 2u) + 6x 2 e- 3u (A y e u 
+ \ hjd x hijd x e u ) 

4>i,j>2 

= - 6(-3xd x u + (xd x ) 2 u) + 6(1 - e~ 2u )(-3xd x u + (xd x ) 2 u) + 2Au 

-2u(12 + R 9 ) + R g {e~ 2u - l + 2u) + 6xV 3u [A J/ e u + ^ ^ ti j d x h i:j d x e u \) 

= - 6{-3v x vo u 00 (y) + vlx vo u m {y) - 3u 1 x vi u 10 (y) + ^x^u 10 (y) + 0(x§ +1 )) 

+ 2A(x Uo u 00 (y) + x Vl u w (y) + 0(x'^ +1 )) + 0(x'l +1 ) 
= - 6((u 2 - 3u - A)x u °u 0O (y) + {y\ - 3v x - A)x v 'u 1G {y)) + 0{x^ +1 ) 
= 120w + o(xi) 

For asymptotically hyperbolic manifolds of higher dimension, with similar calculation, we 
obtain the formula 

p o _ 4(n-l)(n 2 + 2n-4) v 
R g - R g - (n-4) 



4. Constant Q-curvature metrics for perturbed conformal structures 



Let (M, go) be a Poincare-Einstein manifold, with a defining function x and the metric 
ho = x 2 g smooth up to the boundary. Let 

m T = { h : metrics onl, so that h G C 4 ' Q (M), 

with \\h - ho\\c^(M) < t, and \dx\ h \ 9M = 1}, 

for r > and < a < 1. For h G DJl T , let g = x~ 2 h. We want to see that if r is small 
enough, whether we can find a constant Q-curvature metric g in the conformal class of 
g, with Q g = Q go . We use the same notation u, L g and so on as above. Note that the 
choice of x that \dx\h = 1 in the sections before is only to make the notation simpler. 
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Now we only assume that \dx\h = 1 on dM, and then there are only some additional 
small terms in E(L). It is easy to check that 

x a A°' a {M, y/dxdy) = {u e C a (M), u\ QM = 0}. 

Let L g and L go be the linear operators ( II. 3p with respect to g and go- Recall that Ric 5 
and R g satisfy (T2J2D and (pO]) . We know that 

— 1) G x a A 0,a (M, \J dx dy) , and || \dx\\ — |c?a:|^ ||as«A°>« < C r, 

for some constant C depending on the defining function and h . Also it is easy to see the 
following inequalities by the formula of the coefficients 

- A 2 go )u\\ xaA o, a < C r\\u\\ xaA 4, a , 

\\(RgAg — Rg Q Ag ) U\\ xaA 0, a < C T \ \ U \ \ x a ^4 , <* , 

||(Ricy(^)V*Vj - Ric ii (p )Vj Vj )tt|| s « A o,a < CrM^,*, 

HQs ~~ Qgo IU a A°- a < Ct, 

with C depending on the defining function x and the metric ho. We know that L go is 
surjective. Let 

(4.1) x a A 4 ' Q (M, v^^) = Ker(L 90 ) © V x {g^\ 

be the splitting as in Theorem 11.51 Restricted on V\ with respect to g , L go satisfies ( 13. 2p . 
Therefore, we can choose r > small enough so that \\L g — L 5o || < | C\ with C\ in 
( 13. 2ft . Then we have that 

(4.2) -ClII^IU^A 4 '" < ||£flW|| z a A 0,a < (C2 + -COH^IU^A 4 .", 

for u G Vi(po)- Then L 9 : Vi(go) — >• x a A°' a (M, \/dxd/y) is isomorphic so that 
(4-3) IIL, 1 !! < |-. 

and then Ker(L 9 ) C Ker(L 90 ). We will only use the splitting of the weighted space with 
respect to go. Now we have a uniform constant e > for all h G DJl T and g = x 2 h so that 
it satisfies the conditions (13. 4p and (13.61) . Furthermore, we assume that r > is small 
enough so that 

(4.4) \\Q g - QJU-ao,- < Cr, 

and it satisfies corresponding inequalities as (13. 5ft and ( 13. 7ft . Therefore, the proof of 
Theorem 13.11 applies. We then obtain the following perturbation result. 

Theorem 4.1. Let (M,go) be a Poincar'e- Einstein manifold with defining function x and 
the metric ho = x 2 go smooth up to the boundary, and let DJt T be as above, with r > 0. 
There exists r > 0, so that for < r < r , and any metric h G VJt T , there always 
exist a family of asymptotically hyperbolic metrics in the conformal class of g = x~ 2 h 
with constant Q-curvature Q go , which are parametrized by elements in Ker[L go ). 
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5. Critical Metrics of Regularized Determinants 



Let M be a fourth dimensional asymptotically hyperbolic manifold, with complete 
metric g and its smooth defining function x, so that h = x 2 g is a smooth metric on M. 
Consider the equation 

(5.1) U = U g = 7l \W\ 2 + l2 Q - l3 AR = C, 

where ji, 72, 73 and C are some constants, W is the Weyl tensor, and Q, R the Q- 
curvature and the scalar curvature with respect to g. The equation arises as the Euler- 
Laglange equation for the regularized determinants, 

of a conformally covariant operator A = A g , under the conformal change of metrics 
g = e 2w g, see Chpater 6 in [12]. More precisely, under the conformal change, 

(5.2) Ue 4w =U + (^72 + Qls)A 2 w + 67 3 A|Vuf - 12 73 V i [(Aw + \Vw\ 2 )Viw] 

(5.3) + ^RijViVjW + (2 73 - ^ 2 )RAw + (2 73 + ^72) (V#, Vki), 

with U = U g . Define a = The following are some examples that we are interested 
in. 

Example 1. For the conformal Laplacian, A = L, we have that (71,72,73) = (1, —4, — |), 
and a = | . 

Example 2. For the spin Laplacian, A = D 2 , we have that (71, 72, 73) = (7, —88, — y), 
and a = y . 

Example 3. For the Paneitz operator, A = P, we have that (71, 72, 73) = (—7, —14, §), 
and a = 

16 

For convenience, dividing both sides of the function by 673, we have the following 
equation, 

(5.4) — e 4w =(1 + a)A 2 w + A\Vw\ 2 - 2V%Aw + \Vw\ 2 )Viw] + 2aR ij V i V j w 
673 

(5.5) + (i - \a)RAw + (\ + ^(Vi?, Vw) + 

3 3 3 3 073 

We should note that 
A|Vw| 2 - 2V i (AwV i w) =2(A 9 Vw, Vw) + 2(V 2 w, V 2 u>) — 2V l (AwVjw) 

|2 

Is 



■ 2V l w{g pq V p V q ViW - g pq ViV p V q w) + 2(|V 2 w| 2 - (Aw) 2 ) 
■2V l wg™R s piq V s w + 2(| V 2 ^ 2 - (Aw) 2 ) 
2Ric(Vw, Vw) + 2(|V 2 w| 2 - (Aw) 2 ). 



72„,,|2 
Iff 
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Moreover, 

V'QVwfViw) = 2V'V J wV J fflV i w + \Vw\ 2 Aw, 
therefore, the equation can be written in the following way, 

(5.6) — e 4w =(1 + a)A 2 w + 2Ric(Vw, Vw) + 2(\V 2 w\ 2 - (Aw) 2 ) 
673 

(5.7) - AViVjwVjwViW - 2 \Vw\ 2 Aw + 2aR ij V i V j w 

(5.8) + {\ - \a)RAw + {\ + \a)(VR,Vw) + 

6 6 6 6 073 

We should point out that for a = —1 and 71 = 0, the equation reduces to a second 
order differential equation, and in this case the £7-curvature relates to the <T2-curvature 
with respect to the Schouten tensor A(g), 

= _( JilRicJ 2 + —Rl - —AgRg) - ^ 
4 91 12 9 12 9 9 ' 12 

= -(Zi|R ic / + ±Rl) = -2a 2 (g). 

We have the equation 

4o- 2 (<7) = - 2Ric(V 5 w, V g w) - 2(\V 2 w\ 2 g - (Aw) 2 ) + AVijwViwVjW 
+ 2\Vw\ 2 Aw + 2Ri Cii VVw - i2 5 Aw + 4a 2 (g). 

A prescribed constant 02-curvature asymptotically hyperbolic metric problem is discussed 
in [19]. From now on, we assume that a / -1. 
The linearization of (15.61) is given by 

12 11 2U 

L w = (1 + a)A 2 w + 2aR ij V l V ] w + ( a)RAw + (- + -a){VR, Vw) w = 0. 

3 3 3 3 373 

As x -> 0, 

= x~ 4 [--hi k hji - -hjih ik + ft^/ijfc + -hjkhu + 0(x)] 
-4 



x [-Ihkhji + huhjk + O(x)}, 



while 



A ^ = ^( Ri <ti - 2~(4^T) R{9)9) = l { ~ 3 + 2 + ° {X))9 = { ~\ + ° {X))9 ' 
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so that 

W ijkl (g) =R ijk i(g) - gikAji(g) + guA jk (g) + g jk A u (g) - g j iA ik (g) 

= x~ 4 (- h ik hji + huhjk + 0(xj) + x~ 4 [-h ik (~hji + 0(x)) 

111 

+ h a (--h jk + 0(x)) + h jk (--h u + 0(x)) - hji(--h ik + 0{x))\ 

= x~ 4 0(x), 

and moreover, using the fact A h R = 0(x), and Q(g) = 3 + 0{x), we have that U{g) = 
37 2 + 0(x). Then we obtain the main terms of Lw as follows, 

1 2 

Lw = (1 + a)A 2 u> + (- - -a)i? 9 A 9 u> + 2a Ric^V^V^ 

o 

1 2£7 
+ -(l + a)(y g Rg, V g w)-—w 
3 373 

1 2 

= (1 + a) A 2 u> + (- - -a)(-12 + O(x)) A 9 w + 2a(-3A 9 w + 0(x)p(x, y, xd x , xd y )w) 

+ ^(1 + a)(-(2 x 4 - 2)rr 2 #(/i| 5 JcU> + 0(x 3 )|V y H) - (8 x 3a + 0(x))w 
1 2 

= (1 + a)A 2 w — 12(- — -a)A g w — 6aA g w — 24 aw + 0(x)p(x, y, xd x , xd y )w 

= (1 + a)A 2 g w — (4 — 2a)A g w — 24 aw + 0(x)p(x, y, xd x , xd y )w 
= ((1 + a)A g + Qa)(A g - 4)iu + 0(x)p(x, y, xd x , xd y )w. 

Correspondingly, 

N(L)w = (1 + a)((s<9 s ) 2 + s 2 A v - 3sd s ) 2 w + (2a - 4)((s<9 s ) 2 + s 2 A„ - 3sd s )w - 2Aaw, 

L (t, fj)w = (1 + a)(0%) 2 + t 2 - 3t^) 2 ^ + (2a - A)((td t f + t 2 - 3td t )w - 2Aaw 
= ((1 + a){{td t ) 2 + t 2 - 3td t ) + 6a)(((td t ) 2 + t 2 - 3td t ) - A)w = L 3 o 

7(L)w = (1 + a)((s<9 s ) 2 - 3sd s ) 2 w + (2a - 4)((s<9 s ) 2 - 3sd s )w - 24 aw 
= ((1 + a)((sd s ) 2 - 3sd s + 6a)((sd s ) 2 - 3 sd s - A)w. 

Therefore, the indicial roots of L is as follows, 

i) For a = \, spec b (L) = {A, -1, 1, 2}. 

ii) For a = spec b (L) = {4, -1, § + i& § - 2 

hi) For a = ^, spec 6 (L) = {4, -1, § + ^p, § - 

The solution of Liu> = is exactly the same as discussed in Section 2. We solve L 3 w = 
by transferring it into the Bessel type equations discussed as above. Let u(t) = t^w(t), 
then 

= t^((td t ) 2 w + (2/3 - 3)td t w + (f3 2 - 3/3 + 

1 + a 
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Let 2/3 — 3 = 0, and then — §. Consequently, 



i<«<> 2 " <«' + I - 1^)1* ^ 

Let a 2 = I — th 2 -, then the solution is 

(5.9) w = t*{C x I & {t) + C 2 K & (t)). 

Here a 2 is |, ||, corresponding to the above three cases, with Re(a) > 0. For the 
case a 2 = — 1|, since a 2 is negative, L3 behaves the same as L 2 in Section 2, and it 
follows that Theorem 11.41 and Theorem 11.51 with n = 4 hold for the linear operator L, 
using the same argument as in Section 2. 

By the expansion of the series form of the Bessel functions, as in [[13], P. 108], we have 

ii/aOM) ~ ti +5 |r / |7(2 fi r(l + a)), 

and 

t*i_ a (tM) ~ *l- a |77|-7(2- 5 r(i - 5)), 

near i = 0. Here we should note that the series expansion applies for all a G C. Now it 
is easy to see that the linear combination 

xl{C 1 x & + C 2 x~ & ) 

can never vanish to infinite order at t = if either C\ 7^ or C 2 7^ 0. Also, 

3 ^.s 



tiK&m „ ti ^ umizj^m „ 0((tW) .- 

2 sin(a7r) 

near t — 0, with a > and a / 1, 2, 3, ... 
Using the integral form, we have 

3 3 

t^Ia(t\r]\) grows exponentially , t^Ka(t\rj\) decays exponentially 
near t = +00. Therefore, t^I & (t\i]\) does not belong to t s L 2 (K + ) for any 5 > 0, while 



t*K a (t\ V \) G t 5 L 2 ( 



only for 5 < \ + \ — a = 2 — a. That is, L3 is injective in o^L 2 for 5 > 2 — a. 

Summarizing the above discussion, let us compute 5 and 5 for the linearized operator 

L. 

5 = inf {5 : L 1 and L 3 are injective in t s L 2 } = sup{— 1 + — , 2 — a}, and dually, 

5 = inf {(| + i) x 2 - (-1 + ~), (| + 1) x 2 - (2 - «)} = inf {2, 2 + 5}. 

For the case a; = |, 5 — |, and 5 = |( surjectivity). For the case a = —jq, 5 = 
— 1 + I = — |, and 5=|. Then we can use Theorem 11.41 and Theorem 11.51 to obtain 
the semi-Fredholm property for these linear operators. 

For the Poincare Einstein manifold (M, g), we have that the U curvatures defined 
above are all constants on M. We want to see the solutions of the nonlinear problem. Now 
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Lw = ((1 + a)A g + 6a)(A g - A)w. Define the operator T : x v A^ a {M) -» x u A°> a (M) 
as follows, 

=(— e iw - — — Uw) - 2Ric(Vw, Vw) 

673 673 373 

- 2(\V 2 w\ 2 g - (Aw) 2 ) + iVjVituV^^w + 2\Vw\ 2 Aw. 
We rewrite it in the form 

T(w) = —(e 4w - 1 - Aw) + (U - U)(— + — w) - 2Ric(Vw, Vto) 
673 673 373 

- 2(\V 2 w\ 2 g - (Aw) 2 ) + AVjViwV^^w + 2\Vw\ 2 Aw. 

In this formula, comparing with the nonlinear term defined for Q-curvature equation, a 
few square terms of w and its derivatives of order up to 2 are involved, which are small 
terms in the argument of the perturbation problem. Now, the nonlinear equation becomes 

L g w = T(w). 

To solve this, the argument follows exactly the way in Section 3 and Section 4. We only 
need to choose the right weighted Holder spaces. Note that the index of the weight for the 
Holder space is | less than the index of the weight of the corresponding Sobolev spaces. 

5.1. Summary. Perturbation results for the curvatures defined in (15.1 j) can be proved 
along the same lines as the Q-curvature. For instance, assume (M, g) is a Poincare- 
Einstein manifold. For the case a = —jq, by maximal principle, ((1 + a)A g + 6a) 
and (A g — 4) are both injective on L 2 (M, g). Then similar to the discussion for the 
Q-curvature equation, there are infinitely many solutions u G a^A 4,/3 (M, y/dxdy) for 
< < 1 to this equation parametrized by the projection Piu to the kernel of the 
linearized operator L, for v £ (0, |). Moreover, if U = U, then w has the weak expansion 
w(x, y) ~ w 00 (y)x 4: + o(x i ), and also w has a smooth expansion if 1 < v < | and P\W 
has a smooth expansion. For the case a = y, it is the same as the Q curvature problem, 
and the only difference is that here we use i \/5l in the indicial roots and in the formula 
of expansion to replace i a/15. For the case a = |, ((1 + a)A g + 6 a) is essentially 
injective on x u A 4 '^(M, y/ dxdy) for v > 1 and v 7^ 2, while it is essentially surjective on 
a^A 4,/3 (M, yfdxdy) for v < 2, also v ^ 1 and < < 1. Since (|A 5 + 3) may have finite 
dimensional kernel, we do not have perturbation result for v in this interval. But note 
that, using the same argument as in Lemma 12.61 in weighted Holder spaces, for v > 2, 
the operator 

(^A + 3) : x"A 2+m 'P -> x"A m ' p , 

is injective, for < < 1 and m > 0. Then dually the operator (|A + 3) is surjective 
for v £ (0, 1). Also we know that the operator (A g — 4) is surjective in the weighted 
Holder space with < v < |, then the linearized operator 

L : x u A 4 + rn >P x v A m ^, 
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with m > is surjective for < v < 1 and < /3 < 1. Therefore, for the case a — |, 
the existence result as in [i)] in Theorem 11.31 holds for < v < 1. For the boundary 
expansion when U = U, since all the indicial roots are integers in this case, there may be 
log(;r) terms in the expansion as (I2.10p . Also, since v < 1, the smooth expansion result 
does not hold. 
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